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ON SECOND-ORDER STRAIN ACCUMULATION
IN ALUMINUM IN REVERSED CYCLIC

TORSION AT ELEVATED TEMPERATURES

MARIA RONAY

Institute for the Study of Fatigue and Reliability. Columbia University, New York

Abstract-Experiments on superpure aluminum in reversed cyclic torsion at elevated temperatures showed that
the second-order axial elongation of the specimen is increasing with increasing temperature in the 25°_400°C
temperature range.

The quadratic relation between the accumulated second-order strain increments and the applied shear strain
amplitude already found at room temperature holds at each elevated temperature investigated. The accumulated
second-order strain increments are functions of the applied shear strain amplitude, previous number of cycles
and temperature. The cycle and temperature effects can be separated, both functions being exponential.

A fictitious activation energy was calculated for the second-order extension of aluminum and was found to be
almost one order of magnitude smaller than the activation energy of static (high temperature) creep, showing
that different material parameters are involved in the two phenomena.

1. INTRODUCTION

WHILE reversible second-order effects in isotropic elastic solids (Poynting effect) and in
viscous and visco-elastic fluids (Weissenberg effect) are well known, it has been only
recently discovered that irrecoverable second-order strain increments accumulate in the
course of cyclic torsion of quasi-isotropic strain hardening metals [1-3]. The continuum
mechanical theory of accumulating, irreversible second-order effects is given in [2].
Neither reversible nor irreversible second-order effects have been studied at temperatures
different from room temperature. As a first approach an experimental study of the effect of
temperature on irreversible second-order strain accumulation has been undertaken.

2. EXPERIMENTAL CONDmONS

The experimental set-up is similar to that used in the investigation of the second­
order effects at room temperature [3]. Cylindrical specimens of -fr in. dia. and Lo = 1·25 in.
gage length of 99·99 %aluminum used for the experiments at elevated temperatures were
annealed in vacuo for 5 hr at 350°C in order to obtain 0'1-0'.2 mm grain size. The specimens
were electropolished in a solution of five parts methanol to one part perchloric acid.

In the alternating torsion fatigue machine used for the tests [4], the total strain ampli­
tude (plastic and elastic) could be varied by means of a variable eccentric. This torque
was applied to one end of a specimen. The other end could not rotate but was free to
slide in the longitudinal direction. The axial strain accumulating during the alternating
torsion was measured by means of a micrometer attached to the frame of the machine
and making contact with a screw attached to the sliding grips. Extensions could thus be
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determined as a function of the number of cycles. The testing machine had long stainless
steel grips that held the specimen in the uniform-temperature zone of a hinged tubular
furnace.

In view of the fact that even in an elastic medium a small longitudinal force can prevent
second-order extension produced by an applied torque [5] the small friction forces in the
sliding support cannot be neglected. An attempt was therefore made to find approximately
the magnitude of the axial compressive force that would counteract second order axial
elongation of a plastically deforming specimen. Tests were performed at 300°C and various
axial loads were applied in addition to cyclic torsion of ±2° (30 x 10- 4 surface shear). The
axial elongation was plotted as a function of the axial stress and the curve extrapolated
to zero axial extension. As shown in Fig. 1, the compressive stress in the specimen that
could annihilate the axial elongation is less than 100 psi, a magnitude that could be
produced by friction in the machine.
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FIG. 1. Second-order axial strain accumulation 1:.' at N = 100 cycles as a function of the applied axial
tensile stress for qJ = ±2° at 300°C. The extrapolated value at zero axial extension shows the com­

pressive stress that could annihilate the axial elongation.
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At cyclic torsion of ±0'5° roughly one-sixteenth of 100 psi compressive stress might
prevent the axial extension since the second-order axial forces are in proportion to the
squares of the applied shear. Therefore friction must be avoided in investigating second­
order elongations; it was found that in the torsion fatigue machine used an axial tensile
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force equivalent to 25 psi axial tensile stress is needed to overcome the friction in the
sliding parts of the machine. Hence all experiments in alternating torsion reported in the
following were carried out by applying a force which, at zero friction, would produce 25
psi tensile stress in the axial direction, but actually ensures zero (compressive) stress in the
specimen.

The tests were carried out at a frequency of 1750c/min.
Test temperatures were 25°, 100°, 200°, 300°, and 400°C and at each temperature

cyclic torsion-angles qJ = ±0'5°, ± 1°, ±2°, ±3° and ±3·5° were applied. With the above
given dimensions of the specimens a torsion angle of qJ = ± 1° produces'}' = ± 15 x 10-4

reversed shear strain.
In evaluating the data the logarithmic measure of strain elf = In(1 +E") where

E" = tiL/La, tiL denotes the plastic extension per cycle and elf denotes the plastic strain
increment per cycle has been used, because in this strain-measure the addition of strain
increment produces the correct measure of resulting strain.

3. AN EXAMPLE OF SECOND-ORDER STRAIN
ACCUMULATION AT ELEVATED

TEMPERATURES

The effect of temperature on the axial strain accumulation is shown in Fig. 2 as an
example for qJ = ± 2°, The presented diagrams extend to fatigue fracture of the specimen.
Arrows on the diagrams show the points where cracking or necking of the specimens
began. It can be seen that the second-order strain accumulation increases with increasing
temperature in the range of 25°C-400°C.
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FIG. 2. Second-order axial strain accumulation 1:/;" at various temperatures as a function of the number
of reversed torsion cycles up to fatigue fracture of the specimen at ({I = ±2°.
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The rate of axial strain accumulation is largest at the beginning and decreases in the
course of cycling at each temperature. While at small torsion angles and at low tempera­
tures the permanent elongation of the specimen approaches a finite limit before fracture,
it does not do so at higher temperatures at which the axial extension grows steadily
with the number of torsion cycles applied. The larger the applied torsion-angle and the
larger the temperature, the less the rate of axial strain accumulation decreases in the
course of cycling.

Except for low temperatures and small torsion-angles the specimens contract locally
before fracture; the number of cycles at which necking occurs is marked on the diagrams.
Some of the specimens show double necking. Figure 3(a) is a photograph of a specimen
cycled cp = ±3·5° torsion-angle at 300°C, the specimen showing double necking; the
neck at which fracture occurred is down to a point. Figure 3(b) represents a specimen
cycled with cp = ±3·5° at 100°C; this specimen fractured along the principal shear planes
similarly to fracture at room temperature [3J.

... RELATION BETWEEN FIRST-ORDER TORSION STRAIN AMPLITUDE
AND SECOND-ORDER AXIAL STRAIN INCREMENT

AT ELEVATED TEMPERATURES

It has been shown in the previous investigation of second-order axial strain accumula­
tion under cyclic torsion at room temperature that a quadratic relation between the
second-order strain increment and the applied shear strain amplitude is characteristic
of this phenomenon [2]. This is the same form of relation observed by Poynting [6] on
elastic steel wires and interpreted by Reiner [7] as recoverable second-order axial ex­
tension. Distinguishing between geometric and tensorial non-linearity and between
recoverable and irrecoverable strain, the following approximate equations can be assumed
to describe the relation between first- and second-order strain:

the irrecoverable strain increment te" per half cycle*

!e" = const. (y2_ y;) = -h(1+x)(y2- y;), (1)

the recoverable strain te' per half cycle

(2)

where y denotes the total y" the elastic shear strain amplitude and x > 0 is a coefficient
which reft.ects the value of the parameter of the tensorial non-linearity (quadratic term)
in the constitutive equation. For the elastic range in hard metals this factor has been
found to be of the order of 4 < x < 8 [6, 7], in the plastic range it is considerably smaller
and decreases in importance with increasing shear strain.

Since in superpure aluminum the elastic part of the total strain is small,t the irrever­
sible second-order axial strain increment per cycle can in first approximation be related
to the applied shear strain by the quadratic function

(3)

where C = C(N) is a decreasing function of the number N of previously applied cycles.

* The strain increments accumulate at double the frequency of the applied strain cycle [2].
t See Fig. 15 in [8].



FIG. 3(a). Specimen cycled until fracture at ? = ± 3'5° torsion angle at 300°C;
the specimen shows double necking

FIG. 3(b). Specimen cycled until fracture at ? = ±3'5° torsion angle at 100D C;
the specimen fractured along the principal shear planes.
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This formulation accounts for the fact that f," depends on the number of shear strain
cycles that precede the one investigated since the second-order strain increments decrease
with the number of cycles N, as seen in the diagrams of Fig. 2.

The accumulated second-order strain increments for N cycles can therefore be written

1:,f,"(N) = N f,"(N) = nC(N)"/ (4)

This quadratic relation was found to hold for small strains at room temperature.
Deviations from the quadratic relation for large shear strain occur because of the gradually
decreasing rate of first-order strain-hardening as a function of the applied shear strain [2].
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FIG. 4. Second-order axial strain accumula­
tion r.e"(N) at N = 750, 2500, 5000, 7500 and
10,000 cycles of reversed torsion as a function
of the torsion angle at l00·C temperature.
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FIG. 5. Second-order axial strain accumula­
tion r.e"(Nl at N = 750, 2500, 5000, 7500 and
10,000 cycles of reversed torsion as a function
of the torsion angle at 200°C temperature.

X10'
120

200"C

100

i.u
V-.I 80

z
<I
a: 60I-
l/l

-J

~ 40x
<I

20

0
0 ±15 ±30 ±45 ±6O><10o STRAIN y

0 ±Io ±2" ±3' ±4° TWIST "



172 MARIA RONAY

Figures 4 and 5 show the relation between 1:e" and the applied total shear strain for
N = 750, 2500, 5000, 7500 and 10,000 cycles for two of the temperatures applied. It can
be seen from the diagrams that the quadratic relation for small strain amplitudes (until
about ±2°) holds not only at room temperature but at each elevated temperature investi­
gated. Beyond the range of the quadratic relation (above ±2°) the relation between axial
strain and torsion angle is of higher than second power up to 100°C. At 200°C and above,
however, the relation is nearly linear. Thus at small shear strains the quadratic relation
seems to be valid for elevated temperatures.

An attempt has been made to separate the cycle and temperature dependence of the
accumulated second-order axial strain. Figure 6 shows for various temperatures one­
fourth of the axial strain as function of the number of torsion cycles in logarithmic
representation for cp = ±2°. Data are given until the start of crack propagation or
necking of the specimens. During the most important part of the life the function can be
approximated by a straight line.
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On the basis of Fig. 6, the cycle dependence of the accumulated second-order strain
can be roughly approximated by

(5)

Values of C1 and fJ for various temperatures are given in Table 1 for qJ = ±2°. As fJ
does not seem to change with temperature beyond experimental scatter the cycle depen­
dence of second-order strain accumulation seems to be independent of temperature. The

TABLE I. VALUES OF elAND {J AT VARIOUS TEMPERATURES

FROM DATA FOR cp = ±2°

Temp.
(DC)

RT.
100
200
300
400

Temp.
(OK)

293
373
473
573
673

Slope {J Const. C I

0·56 oo124סס-0

0·662 oo1סס·0

0·650 oo325סס-0

0·650 oo70סס·0

0'638 0·000114

(8)

plotting of the logarithm of C1 of equation (5) as a function of the logarithm of the ab­
solute temperature gives a straight line which can be written in the form

C1 = C2T" (6)

with values of ex = 3·80 and C2 = 4-4 x 10- 1S
• Thus the accumulated second-order axial

strain can be roughly approximated by the equation
N

1: 6" = C2T"NflqJ2 = C3T"Nfly2 (7)

in the range of validity of the quadratic relation and for the frequency investigated.

S. FICfITIOUS ACTIVATION ENERGY FOR
SECOND-ORDER EXTENSION

If second-order effects were controlled by thermal activation processes, the tempera­
ture dependence of the second-order strain could be expressed in the form

6" = e= eo exp (-~~) = C4(N)y2 exp ( - ~)

On the basis of equation (8) calculations were made of a fictitious activation energy of
second-order extension for no other reason than to show that the process of second-order
extension is governed by a different temperature function than the first-order extension
observed in "high-temperature" creep, and that different material parameters are in­
volved.

The method based on equation (8) is the usual one for determining activation energy tlil
from creep tests by comparing strain rates in the range of steady state creep at 6 = const.
for different temperatures.
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By applying the method for the cycle dependent second-order strain accumulation, the
comparisons of BI , B2 , ..• at TI , T2 , . .• , must be made at N = const. because of the cycle
dependence of C4 in equation (8); thus, G = const. can not be satisfied at the same time.
Since the values of G at which Bas a function of T has been considered are small (less than
2 percent) the method seems to be a satisfactory approximation.

For a torsion angle ({J = ± 1° the average second-order strain rate was determined
between 1000 and 2000 cycles at various temperatures and plotted against l/T(OK) in
Fig. 7. The points lie with little scatter on a straight line. The average activation energy
between room temperature and 400°C as taken from the slope of the line in Fig. 7 is
!:J.H ~ 4500 caljmole. Although steady state considerations are not strictly applicable to
cyclic strain accumulation, diagrams of second-order strain accumulation for small strain
amplitudes show a kind of "steady state" strain accumulation before cracking occurs.
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FIG. 7. Average second-order strain rate between 1000 and 2000 cycles at qJ = ± 1° as a function of
absolute temperature.

The fictitious activation energy of second-order extension was also calculated from strain
rates in the "steady state" range for torsion angle ;p = ± 1°. Calculations based on
observations in the 40,000-50,000 cycle range gave an activation energy similar to that
calculated from strain rates between 1000 and 2000 cycles.

Activation energy for "high-temperature" creep for high purity aluminum has been
determined by Dorn et al. [9] as a function of temperature. It has been found that the
highest value of about 35,500 caljmole spans a range of temperatures from about 5000 K
to 850°K. This coincides with the estimated activation energy for self-diffusion in
aluminum [10]. The next lower plateau, spanning the range from about 2500 K to about
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375°K, has an activation energy of about 27,500 caljmole. Between 375°K and 5000 K the
apparent activation energy increases gradually from 27,500 to 35,000 caljmole.

As there is almost an order of magnitude difference between these activation energies
of static "high-temperature" creep and the fictitious activation energy of cyclic second­
order extension, it appears that different material parameters are involved in the two
phenomena, and that the process of "cyclic creep" is much less temperature sensitive
and depends on physical constants that are different from those of static creep.

6. CONCLUSIONS

The reported investigation of the second-order axial strain accumulation in superpure
aluminum subject to cyclic torsion shows that the second-order strain increases sig­
nificantly with increasing temperature in the range of 25°-400°C. This temperature
dependence is, however, governed by physical parameters that are different from those
governing first order rate processes in the metal.

In the interpretation of the experimental results the cycle and temperature effects on
the second-order strain accumulation have been expressed for a single frequency. This is
by no means adequate, since any quasi-viscous component of the shear deformation is
likely to be associated with a viscous component of the second-order strain increment
which would necessarily be frequency dependent. Such discrimination between the plastic
(frequency independent) and the quasi-viscous (frequency dependent) component of
second-order strain increment requires, however, both a broadening of the theory of
second-order strain accumulation to include the viscous in addition to the strain-hardening
response in the underlying constitutive equation of the medium, as well as a new exten­
sive series of experiments at sufficiently different frequencies of cyclic torsion over a
sufficiently wide range of temperatures. The results of such an investigation, which is
being carried out at present, will be reported in a subsequent paper.
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Resume-Des experiences sur de l'aluminium superpure en etat de torsion cyclique inverse, faites a temperatures
elevees ont demontre que l'elongation axiale de second ordre du specimen augmente a mesure que la temperature
s'eleve entre 25 et 400°C. La relation de second degre entre les accroissements de tension accumules de second
ordre et I'amplitude de l'effort de cisaillement applique deja trouvee a la temperature ambiante se maintient a
chaque elevation de temperature etudiee. Les accroissements de tension accumules de second ordre sont fonctions
de l'amplitude de l'effort de cisaillement applique, du nombre de cycles et de la temperature. Les effets du cycle
et de la temperature peuvent etre separes, ces deux fonctions etant exponentielles.

Une energie activante factice a ete calculee pour I'allongement de second ordre de l'aluminium, et l'on a trouve
qu'elle etait presque d'un ordre de grandeur plus petite que l'energie activante d'un cheminement statique (tem­
perature elevee), indiquant ainsi que differents parametres de matiere sont meles aux deux phenomenes.

Zusammenfassung-Versuche an hochreinem Aluminium bei erhohter Temperatur mit umgekehrtf'r zyklischer
Torsion zeigten, daB AxialverHingerung zweiter Ordnung des Priiflings im Bereich von 25° bis 400° mit
ansteigender Temperatur zunimmt.

Das quadratische Verhaltnil3 zwischen den angesammelten Spannungszunahmen zweiter Ordnung und der
angewandten Scherbeanspruchung die bei Raumtemperatur festgestellt wurde, zeigte sich auch bei allen anderen
Temperaturen, die untersucht wurden. Die angesammelten Spannungszunahmen sind Funktionen der ange­
wandten Scherbeanspruchungsamplituden, wie auch der vorhergehenden Zyklen und der Temperatur. Die
EinfliiBe der Zyklen sowie der Temperatur konnen abgesondert werden, beide sind exponential.

Die fiktive Aktivationsenergie fUr die Streckung zweiter Ordnung fUr Aluminium wurde errechnet, diese
war urn eine Grol3enordnung kleiner als die statische Kriechenergie (bei hoher Temperatur), das zeigt, daB
verschiedene Eigenschaften diese Erscheinungen bewirken.

A6cTpaKT-OrrbITbI c 'HICTbIM OOcrrpHMecHbIM aJIlOMHHHeM B o6paTHoM UHKJIH'lecKOM Kpy'leHHH rrpH
nOBbIIlleHHblX TeMrrepaTypax nOKa3aJIH, 'ITO oceBoe y,llJlHHeHHe BToporo rrOpll,llKa o6pa3ua YSCJIH'lHBaeTCli
c ySCJIH'leHHeM TeMnepaTypbI B TeMnepaTypHoM ,lIHana30He 25°-4OQ°C.

KBa,llpaTHOe OTHOIlleHHe MeJK,lIy HaKOIIJIeHHbIMH npHpaIUeHHlIMH HanpllJKeHHlI BToporo nOpll,llKa H
npHMeHeHHoll. aMIIJIHTY,llol!: HanpllJKeHHlI C,llBHra, yJKe Hall.,lIeHHoe npH KOMHaTHoll. TeMnepaTjpe, y,llepJKH­
BaeTCll npH KaJK,lIOM HCCJIe,llyeMoM rrOBbIIlleHHH TeMnepaTypbI. HaKOIIJIeHHble rrpHpaIUeHHlI ,lIe<PoPMaUHH
BToporo nOpll,llKa npe,llCTaBJIlIIOT epyHKUHH rrpHMeHeHHol!: aMIIJIHTY,llbI HanpllJKeHHlI C,llBHra, rrpe,llbI,lIYIUHX
KOJIH'leCTB UHKJIOB H TeMnepaTypbI. 3epepeKTbI UHKJIa H TeMnepaTypbI MoryT 6bITb pa3,l1eJIeHbI, 000
epYHKUHH-noKa3aTeJIbHbI.

3HeprHlI epHKTHBHoro aKTHBHpoBaHHlI 6bIJIa paC'lHTaHa ,lIJili pacIIIHpeHHlI BToporo nOpll,llKa aJIIOMHHHlI
H 6bIJIO Hall.,lIeHO, 'ITO OHa nO'lTH Ha O,llHH nOpll,llOK SCJIH'lHHbI MeHbIlle, 'leM JHeprHlI aKTHBHpOBaHHlI
CTaTH'lecKoll. nOJI3y'lecTH (BbIcOKali TeMnepaTypa), 'ITO YKa3blBaeT Ha TO, 'ITO B ,lIBYX lIBJIeHHlIX BOBJIe'leHbI
pa3JIH'lIIbIe rrapaMeTpbI MaTepHaJIa.


